
2nd URSI AT-RASC, Gran Canaria, 28 May – 1 June 2018

Dynamic Simulations of Quantum Cascade Lasers Beyond the Rotating Wave Approximation

Michael Riesch*, Petar Tzenov, and Christian Jirauschek
Department of Electrical and Computer Engineering, Technical University of Munich (TUM), Arcisstr. 21, 80333 Munich,

Germany

Abstract

We present long-term dynamic simulations of the optical
and carrier dynamics in quantum cascade lasers, obtained
by numerically solving the Maxwell-Bloch equations with-
out invoking the rotating wave approximation. We discuss
the applied numerical methods and parallelization tech-
niques used to obtain the required numerical efficiency and
accuracy, and show results for a mode-locked terahertz
quantum cascade laser.

1 Introduction

The quantum cascade laser (QCL) is a type of semicon-
ductor laser that operates in the mid-infrared and tera-
hertz regime. This is achieved by utilizing intersubband
transitions between quantized states of a multiple-quantum
well active region, rather than interband transitions as in
a conventional laser diode. A main application is spec-
troscopy [1], since the absorption lines of many molecules
lie in this frequency regime. By suitable quantum engineer-
ing of the active region, not only the spectral gain char-
acteristics, but also the nonlinear optical properties can be
custom-tailored. The resulting coherent light-matter inter-
action has been observed to cause multimode instabilities
[2], but has subsequently also been exploited in a targeted
manner for the generation of actively mode-locked pulses
[3, 4] and frequency combs [5, 6]. Ultrashort-pulse trains
are used for time-resolved measurements and, due to the as-
sociated high peak powers, for applications in nonlinear op-
tics. Frequency combs are spectra consisting of equidistant
lines which are widely employed for high-precision spec-
troscopy and metrology. A detailed understanding of the
associated QCL dynamics and targeted design optimization
can be achieved based on the Maxwell-Bloch equations.
Simulations over many hundred or thousand cavity round
trips are required to eliminate transient effects, necessitat-
ing an efficient and long-term accurate numerical treatment.

In order to reduce the computational effort, the rotating-
wave approximation (RWA) has commonly been invoked
[2, 7, 8, 9, 10, 11, 12]. A notable exception is the sim-
ulation of the seeded QCL dynamics [13], which did not
employ the RWA but involved only a few round trips. No-
tably, the RWA is not applicable to broad spectra, such as

arise for few-cycle optical pulses and broadband frequency
combs. Recent progress in QCL development has led to
such cases. In particular, a QCL design emitting over more
than an octave has recently been demonstrated, with comb
formation over part of the spectrum [14]. Also, for passive
mode-locking, which has not yet been realized in QCLs, the
emergence of few-cycle pulses is predicted [10].

We have developed a numerical model, enabling long-term
dynamic QCL simulations based on an efficient numeri-
cal treatment of the full Maxwell-Bloch equations with-
out RWA. In the following, we present our implementation
as open-source software project and discuss a possible use
case. In detail, we explain the mathematical model that
serves as base for our simulations, along with the numer-
ical methods used to solve the model equations. Then, we
present the implementation of the solver and the applied
parallelization techniques. Finally, the correctness of the
implementation is verified and a first test case is presented.

2 Mathematical Model

The QCL dynamics can be described based on a semi-
classical model, which is illustrated in Fig. 1. To avoid phe-
nomenological transition and dephasing rates emerging in
the Bloch equations, these can be coupled to carrier trans-
port simulations which determine the corresponding rates
based on a microscopic evaluation of the scattering pro-
cesses. As a prerequisite, the Schrödinger-Poisson solver
determines the wave functions and energy levels of the dis-
cretized states in the active region of the laser. An ensem-
ble Monte Carlo (EMC) [15] or density matrix-EMC [16]
approach is used to calculate the scattering-induced transi-
tion and dephasing rates between these energy levels due to
non-radiative processes [17].

The obtained results are fed into the dynamic model, where
they constitute the Hamiltonian Ĥ0, the dipole moment op-
erator µ̂ , and the dephasing term ρ̂diss. The coherent light-
matter interaction is modeled by distributing a sufficiently
large number of quantum mechanical systems along the
propagation direction of the electromagnetic waves. Each
system’s behavior is governed by a Bloch equation (or more
generally Liouville-von Neumann equation). The classical
model of the optical field describes the field components



Ez (x, t) and Hy (x, t) using Maxwell’s equations in one di-
mension.
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Figure 1. The mathematical model of a quantum cascade
laser (QCL) consists of the prerequisite steps (marked in
orange) and the Maxwell-Liouville-von Neumann (MLN)
equations (blue). The Liouville-von Neumann equation
gives the time evolution of the density matrix ρ̂ , where Ĥ0 is
the Hamiltonian, µ̂ is the dipole moment operator, h̄ is the
reduced Planck constant, and ρ̂diss is the dephasing term.
Maxwell’s equations for the field components Ez (x, t) and
Hy (x, t) consider the conductivity σ , the permittivity ε , and
the permeability µ of the active region material as well as
the polarization term Pz (x, t). N is the density of quantum
mechanical particles in the system. Furthermore, x is the
propagation direction, y and z are the transversal coordi-
nates, where z denotes the quantum well growth direction,
and t is time.

3 Numerical Methods

In contrast to many approaches in related literature, the
RWA and related slowly-varying amplitude approximation
cannot be applied in our simulations. These approximations
assume that the optical field is centered around a carrier
frequency, which is not the case when considering broad-
band spectra. Therefore, Maxwell’s equations must be di-
rectly solved, e.g., using the finite-difference time-domain
(FDTD) method [18] or the pseudo-spectral time-domain
(PSTD) method [19]. Several methods to couple the Bloch
or Liouville-von Neumann equation to Maxwell’s equa-
tions have been reported. The most prominent approaches
are predictor-corrector (PC) methods [20, 21], the operator
splitting (OS) technique [22], and variations of the Runge-
Kutta (RK) method (e.g., in [23]). While the search for
the ideal numerical method in terms of accuracy and com-
putational efficiency is still in progress, we found that the
FDTD-OS method guarantees physically realistic results
(such as non-negative level occupations for systems with
an arbitrary number of energy levels) and the implementa-
tion using the OpenMP standard for parallelization yields
reasonable performance [24, 25].

4 Verification and Test Case

The numerical method was thoroughly validated using test
cases from related literature (e.g., the setup from [20]). Af-
ter the verification, a QCL device consisting of two gain
regions that embed an absorber region was simulated, see
Fig. 2. This constitutes a colliding-pulse mode-locking
setup, where two pulses are expected to form in the cav-
ity. Since thereby the cavity round trip time TRT is effec-
tively reduced, it is expected that such a design is more ro-
bust against the short gain recovery times typical for QCLs,
which up to now inhibit passive mode-locking [3].
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Figure 2. Schematic of the test case setup. The absorber
region (A) is embedded between two gain regions. The re-
gion types are distinguished by the material and/or the bias
voltage.

Indeed, the simulation results (depicted in Fig. 3) demon-
strate that this setup produces a pulse train. As anticipated,
the time between two pulses is half the round trip time.
The corresponding spectrum features peaks separated by
twice the round trip frequency and a 10-dB spectral width
of 738 GHz. Considering that the spectral width is about
20 % of the central frequency, it becomes apparent that the
rotating wave approximation would be pushed to its validity
limit in this case. As to the performance of the solver, the
simulation of 74 round trips took five minutes on a quad-
core Intel i7-4790 desktop processor using four threads.

5 Conclusion and Outlook

In this contribution we present a highly accurate and effi-
cient solver tool for the Maxwell-Bloch/MLN equations,
enabling long-term simulations of the QCL dynamics as
required for the modeling of mode-locked and frequency
comb operation. It is available as open-source project and
will serve as base for future extensions. As an example, we
discuss the application of our solver tool to the simulation
of the QCL dynamics for a passively mode-locked setup.

As next steps, the MLN equations will be extended to con-
sider more physical effects relevant for the QCL dynam-
ics, such as the implementation of tunneling transport in the
Liouville-von Neumann equations and of chromatic disper-
sion in Maxwell’s equations.
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Figure 3. Results of the colliding-pulse mode-locking sim-
ulation. The recorded electric field at the left facet of the
QCL shows the formation of pulses with an intensity full
width at half-maximum duration of 850 fs.
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