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Abstract 
 
Diffraction of the H-polarized wave by double layer 
grating of finite number of graphene strips in the THz 
range is considered. Integral equations relatively unknown 
spectral function of the scattered field are reduced to the 
system of singular integral equations. The numerical 
solution is obtained by the Nystrom-type method of 
discrete singularities. The scattering and absorption 
characteristics are represented. 
 
1. Introduction 
 
Graphene strip gratings may be used in antennas systems, 
frequency selective surfaces, tunable absorbers, sensors 
and plasmon waveguides [1-3]. Ultra high speed terahertz 
devices based on graphene have been already proposed 
and demonstrated [4]. In the THz range, the sensing 
application of graphene based on associated plasmon 
resonances is discussed in [5]. In periodic graphene strip 
grating, plasmon excitations and the plasmon resonance 
can be tuned by adjusting strip width and electrostatic 
doping over a broad THz range [6]. These properties led 
to designing of novel tunable antennas. One may control 
the electrodynamic characteristics of the whole grating 
using the static electric field and in such way changing the 
conductivity by varying chemical potential [7]. 
 
Multilayer graphene structures are well studied in optical 
range. In [8], [9], graphene photonic crystals are 
proposed. Graphene is modeled as a thin layer with 
certain permittivity. The error of such approach as well as 
application of the finite element method, finite-difference 
time-domain method, method of moments is discussed in 
[10]. 
 
In [11], diffraction by an infinite graphene periodic strip 
grating under normal incidence is considered with the use 
of the Fourier expansion method. The strict analysis of the 
same grating under arbitrary incidence with the use of the 
method of analytical regularization is given in [12]. In a 
subsequent paper [13], infinite periodic grating embedded 
in the dielectric slab is considered. In [14], the finite 
grating is considered. The problem is reduced to the 
hyper-singular integral equation.  
 
Here, in this report, we are going to present rigorous 
approach to analyze gratings of graphene strips. In [15], 

we considered single layer of graphene with the use of the 
method of singular integral equations. Here we will 
extend this approach to the double layer graphene grating. 
Unlike commercial packages based on the finite-
difference method or finite-element method, we take 
radiation conditions into account analitically, and do not 
rely on the appropriate choose of the basic functions as in 
the method of moments. 
 
2. The Problem Statement 
 
Consider H- polarized wave diffraction by two identical 
finite graphene periodic strip gratings. The strips width is 
2d. Denote the set of strips is every layer as 
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number of strips in every layer. The distance between 
gratings is h (see Figure 1).  
 
Total field we represent as a sum of the incident and 
scattered fields. It must satisfy the Helmholtz equation of 
the strips and the following boundary conditions: 
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The tangential components of electric and magnetic fields 
are connected by the formula 
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Sign “+” corresponds to the field above the grating, and 
sign “-” to the field below the grating. Graphene 
conductivity σ  we obtain using Kubo formalism. 
 

 

Figure 1. Structure geometry. 

 



Represent scattered field as follows  
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where ,1)( 2ξξγ −=  ,0Re ≥γ  0Im ≥γ . In the 

following section we write integral equations relatively 
unknown spectral functions of the scattered field. Then, 
we reduce them to the system of singular integral 
equations.  
 
3. Integral Equations 
 
Unknown spectral functions in (4)-(6) are connected by 
the expressions which follow from (2) 
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From (1)-(3), (7) connected integral equations may be 
obtained 
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(9). 

where ),( zyH i  is incident field, Z  is the free space 

impedance. 
 
To reduce (8), (9) to the system of singular integral 
equations let us introduce functions [16] 
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If )(yF ±  are known then functions )(ξB  and )(ξC  may 

be obtained as inverse Fourier transform from (10).  
 

In (9), function )(ξγ )/1(~ ξξ Oi +  is increasing when 

∞→ξ . Let us represent it as ξξξγξγ ii +−= ))(()( . 

Then 0))(( →− ξξγ i , when ∞→ξ . So, integrand in 

(9) may be represented as a sum of non-vanishing and 
vanishing functions. We use Hilbert transform 
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to the non-vanishing term. )(ξG  is an arbitrary function 

in (11), PV  means Cauchy principal value integral. After 
that, non-vanishing terms in (9) will be transformed to the 
singular integrals, and vanishing terms using (10) will be 
transformed to the regular ones. Regular terms will be 
collected in the kernel function. As a result, the following 
system of singular integral equations with addition 
conditions may be obtained 
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The kernel functions ),( ξyK ±  are 
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Solution of (12)-(15) may be obtained by the method of 
discrete singularities [16]. The convergence is guaranteed 
by the theorems.  
 
4. Numerical Results 
 
It is convinient to use the total scattering cross-section 
(TSCS) and absorption cross-section (ACS) to study 
scattering and absorption characteristics, 
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ACS is obtained from the power conservations law. 
Denote the chemical potential of graphene strip as cμ . 

Suppose that plane wave with unit amplitude is incident 
on the grating. For all cases the relaxation time is 1=τ  ps 
and room temperature 300=T  K. 
 
The discretization of (12)-(13) is based on the Gauss-
Chebyshev quadrature formulas of interpolation type with 
weight function. Denote the number of nodes on every 
strip as n. Figure 2 shows the convergence of the process, 
where ( ) )2(/)2()( nTSCSnTSCSnTSCS −=ε  is relative 

error of the TSCS. With parameter n increase, the error 
vanishes. 
 

 

Figure 2. Relative error of the TSCS vs. number of nodes 
on every strip for two strips placed in parallel planes, 

1=f THz, μm30=h  (black line), 1=f THz, μm10=h  

(red line), 4=f THz, μm30=h  (blue line), 5=f THz, 

μm30=h  (green line), μm10=d . 

 
It is known that the first plasmon resonance frequency is 
about 9.1≈f  THz for 2.0=cμ  eV, and 6.2≈f  THz 

for 4.0=cμ  eV, μm10=d  and μm.40=l  Let us take 

frequency within this frequency band and study scattering 
and absorption characteristics as functions of the distance 
between layers. Figure 3 shown dependences of TSCS 
and ACS vs. h  for 2=f  THz. As it is usual at layered 

structures the bands of transparency and opacity appear. 
One may observe clearly seen maxima near resonances of 
the layered structure.  
 
Let us now study characteristics of the grating for fixed 
values of h  as functions of frequency. Figure 4 shows 
dependences of TSCS and ACS vs. f  for two values of 

μm20=h  and μm.52=h  Value μm52=h  corresponds 

to the first resonance of layered structure for 4.0=cμ eV 

and 2=f  THz. The opacity band near 2=f  THz 

appears due to two resonances: layered structure 
resonance and plasmon resonance.  
 

 
(a) 

 
(b) 

Figure 3. Dependences of TSCS (a) and ASC (b) vs. h  
for 0=cμ  eV (black line), 2.0=cμ  eV (red line), and 

4.0=cμ  eV (green line), μm10=d , μm40=l , 5=M . 

 
5. Conclusion 
 
The rigorous solution of diffraction by the double layer 
graphene grating was obtained here by the method of 
singular integral equations. We studied the scattering and 
absorption characteristics for different values of chemical 
potential and distance between layers. The presented 
dependences demonstrate a variety of surface plasmon 
resonances and resonances of a layered structure in the 
THz range. 
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